Using the reconstruction technique with an auxiliary field, we investigate which F (R) gravities can produce the matter bounce cosmological solutions. Owing to the specific functional form of the matter bounce Hubble parameter, the reconstruction technique leads, after some simplifications, to the same Hubble parameter as in the matter bounce scenario. Focusing the study to the large and small cosmic time t limits, we were able to find which F (R) gravities can generate the matter bounce Hubble parameter. In the case of small cosmic time limit, which corresponds to large curvature values, the F (R) gravity is F (R) ∼ R + αR 2 , which is an inflation generating gravity, and at small curvature, or equivalently, large cosmic time, the F (R) gravity generating the corresponding limit of the matter bounce Hubble parameter, is F (R) ∼ 1 R , a gravity known to produce late-time acceleration. Thus we have the physically appealing picture in which a Jordan frame F (R) gravity that imitates the matter bounce solution at large and small curvatures, can generate Starobinsky inflation and late-time acceleration. Moreover, the scale factor corresponding to the reconstruction technique coincides almost completely to the matter bounce scenario scale factor, when considered in the aforementioned limiting curvature cases. This is scrutinized in detail, in order to examine the validity of the reconstruction method in these limiting cases, and according to our analysis, exact agreement is achieved.
Introduction
Observational data in the late 90's confirmed one of the most striking physical phenomenon in modern astrophysics and cosmology, the fact that the universe expands in an accelerating way [1] . This result initiated a research stream with aim to model in a theoretically consistent way this late-time acceleration. In addition to this late-time acceleration, confirmed by using standard candles as references, recent observational results [2, 3] confirmed the existence of the B-mode power spectrum [3] , thus indirectly validating the existence of an early time acceleration of the universe. One of the modern cosmology largest goals is to provide an explanation for the late-time and early time acceleration in a unified way.
Modified theories of gravity have proved to be one of the most appealing candidate theories for the description of the acceleration eras of the universe, since they provide a theoretical framework which can be consistent with observational data coming from cosmological scales and also from astrophysical data, considering the local implications of such gravitational modifications of general relativity. The most representative candidate among the modified theories of gravity, are the F (R) theories of gravity, in which the Ricci scalar appearing in the standard description of the general relativity Einstein-Hilbert action, is replaced by the more general function F (R). An important stream of papers, devoted on various aspects of this vast research issue, consult , and references therein. Among these, it worths to mention that the first consistent description of late-time and early time acceleration, within the theoretical framework of F (R) theories, was given by Nojiri and Odintsov in [29] . In the F (R) gravities, late-time acceleration is attributed to an indirectly observable component of the energy momentum tensor, which is known as dark energy. Dark energy in F (R) theories is described by a negative pressure perfect fluid which modifies the right hand side of the Einstein equations and this is the reason why it is called sometimes geometric dark energy. For alternative theories to F (R) gravities that can consistently describe dark energy, the reader is referred to [30] [31] [32] [33] [34] and references therein. For a recent study on unified dark energy with quintessential inflation [35] , see [36] .
The recent experimental results of Planck [2] and BICEP [3] have restricted the viability of inflationary models, excluding models with, for example, chaotic inflation generating power law potentials, exponential potential models and inverse power law models. Moreover, these observational data seem to favor an F (R) gravity with power law function, namely the R 2 gravity, firstly studied in the 80's and known to describe inflation [71] . However, although that many inflationary potentials can be not viable in the standard cosmological contexts that these were firstly developed, they can be embedded in theories which can produce results compatible of observational data. One particularly interesting scenario for inflation is provided by the matter bounce scenario, predicted from holonomy corrected Loop Quantum Cosmology (shortened to LQC hereafter) . For an informative but incomplete list on this subject, the reader is referred to and references therein. See also reference [62] for bounce solutions in viscous cosmology scenario. Two of the appealing features of the LQC matter bounce scenario are that, firstly, singularities are elegantly and consistently resolved [41] [42] [43] [44] and secondly, concordance with the observational data of Planck is feasible [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] .
Owing to the appealing properties that the matter bounce scenario of holonomy corrected LQC brings along, we shall investigate from which F (R) gravity the cosmological solutions of the matter bounce scenario can be generated in the context of modified gravity theories. Particularly, using the metric formalism of F (R) theories of gravity [4] [5] [6] [7] [8] [9] [10] , and assuming a flat Friedmann-Robertson-Walker (shortened to FRW hereafter) metric, we shall use a very well known reconstruction technique [13] in order to find which F (R) gravity can reproduce the cosmology described by the matter bounce scenario. In the technique we shall use, an auxiliary scalar field is used in order to obtain the reconstructed gravities, in contrast to another reconstruction method [21] , which is more direct than the present technique. For a recent approach adopting the latter technique, in order to reconstruct F (R) gravities that reproduce the matter bounce cosmological solutions, see [64] . In principle, deviations between the two methods are expected due to the different approach to the problem, an issue we intent to explain in a formal way in a later section in this paper. The matter content of the F (R) gravities shall also be taken into account, with matter consisting of collision-less, non relativistic matter and also relativistic matter. The cosmology to be reconstructed is the matter bounce cosmology, expressed in terms of the matter bounce Hubble parameter, which will be the starting point of our analysis. In order to obtain analytic solutions to the problem, we shall focus our study in two extreme limits of the curvature, that is, in the small and large curvature limits. As we shall see the results are particularly interesting since in the small curvature limit, the F (R) gravity that reproduces the large R limit of the matter bounce cosmology, is given by
Recall that the small curvature limit corresponds to the late cosmic time era, and the aforementioned function is known to produce late time acceleration, which is a rather appealing feature. On the other hand, in the large curvature limit, which corresponds to early cosmic time, the F (R) gravity that reproduces the large curvature limit of the matter bounce cosmology is, at leading order, given by the function F (R) ∼ R + αR 2 . The latter gravity is known to produce Starobinsky inflation [4] [5] [6] [7] [8] [9] [10] 71] . Having an R 2 gravity at hand, with a parameter α that is free to vary, we briefly study the very well known inflation properties of the aforementioned gravity [67] , and also we recall, following the relevant literature on this [57] , how this modified gravity can be embedded in a LQC framework by introducing holonomy corrections in the F (R) gravity explicitly. After briefly recalling these two important theoretical attributes of the R 2 gravity, we present a mathematical reasoning with regards to the reconstruction method that we use. We have to make an important notice with regards to the auxiliary field augmented method we shall use here, that in the case at hand, that is matter bounce cosmology, the method is applicable as we can see, owing to the particular form of the Hubble parameter. This fact as we shall see justifies our approach as we will explicitly demonstrate, and renders the result credible, from a mathematical point of view at least. This paper is organized as follows: In section 1 we present some fundamental properties of F (R) theories of gravity in the Jordan frame. In addition we briefly introduce the matter bounce cosmological solutions of the holonomy corrected LQC and explicitly apply and work out the reconstruction technique using an auxiliary scalar field. We study the problem in the small and large cosmic time limits, in the presence of matter fields, both relativistic and non-relativistic. Moreover we very briefly present the inflation study of the R 2 gravity in the Einstein frame and following the relevant literature, we describe how the embedding of the R 2 gravity in a LQC context can be done explicitly. In section 2, we investigate the validity of our approximation presenting exact values of the measured quantities to further support our approximations. Furthermore, we examine whether the scale factor of the matter bounce scenario can be produced within our approximate techniques, and up to which extent this occurs. Also we study whether there can be any overlap of our reconstructed gravities with other bounce generating reconstructed F (R) gravities studied extensively in the relevant literature. In section 3, we present in a mathematically formal way the details of the reconstruction method we used. The conclusions follow in the end of the paper. Finally, in the appendix A we present details of the solutions we found in the text.
LQC Cosmological Bounce Solutions and Auxiliary Field Reconstruction Method
Before starting off with the main subject of this article, it worths recalling some basic features of F (R) modified theories of gravity, in the Jordan frame. The reader is referred to the review articles [4] [5] [6] [7] [8] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] for a thorough and detailed analysis on these issues. The Jordan frame action of F (R) modified theories of gravity in four dimensions is:
with the parameter κ being related to the gravitational constant according to the relation, κ 2 = 8πG and additionally, S m is the matter action describing all the matter fields Ψ m . In the metric formalism, the equations of motion are obtained by varying the action (1) with respect to the metric g µν , and in this way, the equations of motion are the following,
In this particular case, the prime on the F (R) function expresses differentiation with respect to the Ricci scalar R, that is F ′ (R) = ∂F (R)/∂R, and also T µν denotes the energy momentum tensor corresponding to ordinary matter fields. The energy momentum tensor receives an additional contribution coming from the F (R) sector only. Indeed, it is this latter feature that makes the F (R) theories of gravity, modified with regards to ordinary general relativity. As we can see, the left hand side is the same as in general relativity, but in the right hand side, if it is assumed that it originates from some sort of exotic matter, the new energy momentum tensor can be written in the following way:
This new energy momentum tensor (3) is absent from the Einstein-Hilbert gravity, and some parts of it can explicitly model the dark energy in F (R) theories of modified gravity. This is actually how the terminology geometric dark energy originates from. Before closing this overview, it worths presenting the metric we shall use in the following sections, which is a flat FRW spacetime being described by the following metric,
The Ricci scalar in this metric background equals to:
with H(t) the Hubble parameter and with the "dot" it is indicated differentiation with respect to the cosmological time t.
Applying the Reconstruction Method
In the context of LQC, consistency is ensured by making specific modifications to the operators describing the Hamiltonian system [51] [52] [53] [54] [55] [56] . In addition to this, and owing to holonomy corrections, the Friedmann equation is modified and particularly in the context of LQC for a matter dominated universe, it is given by [60, 61] :
with the matter-energy density being equal to,
Solving (6) and having in mind (7) we get the following solutions, with regards to the Hubble parameter H(t) and for the scale factor a(t) in the matter bounce scenario of LQC [60, 61] :
The Hubble parameter appearing in the equation above (8), will be our starting point of the reconstruction technique we shall deploy. This is a crucial point in our analysis, and it worths describing this point in detail. There are two reconstruction techniques in the literature [13, 21] , with the one developed in [21] being more restrictive in the vector space of solutions. With regards to this, in the discussion section 3, we discuss this from a mathematical perspective. The method we shall use here, was firstly developed in [13] and results to a larger family of solutions, because the scale factor is assumed to be of a specific form and also certain simplifications are done in order the problem is solved. Practically these simplifications are some sort of perturbation theory at the level of EulerLagrange equations. This kind of delicate mathematical issue, shall be thoroughly and rigidly addressed from a mathematical point of view in section 3 of the present paper, since there is much more to say on this. But we have to note that the exact form of the scale factor appearing in relation (8) cannot be realized exactly within the theoretical framework we are going to use in this paper, only the Hubble parameter, and this is due to the fact that the scale factor is assumed to be of a specific from, which severely broadens the family of solutions. Nevertheless in the large and small cosmic time limits, we have almost absolute concordance between the scale factor obtained by our method and the matter bounce scale factor. The action of the general F (R) gravity is given by,
and the first FRW equation appearing in relation (2) can be written as:
dR and the Ricci scalar R given by relation (5) as a function of the time variable. The reconstruction technique developed in [13] can be used to define an implicit form of an F (R) function, given the general form of the Hubble parameter as a function of the cosmic time t. It worths recalling the technique, since this is essential for our analysis. For further details, the reader is referred to consult reference [13] , where this technique was developed for the first time. Note that it is possible to find the purely geometrical F (R) gravity without taking into account matter fluids, but it is also possible to include matter fluids in the process. We shall include matter fluids with general cosmological parameters w i , assuming that there are "i" in number species of matter. Using an auxiliary scalar field φ, the action of relation (1) for the F (R) gravity can be rewritten in the following form,
with the term L m describing the matter Lagrangian entering the matter action in the usual way,
The functions P (φ) and Q(φ) are what actually will provide us with the final form of the F (R) gravity as we shall shortly see. The scalar field φ is an auxiliary dynamical (depends on time) degree of freedom, which can be easily seen due to the lack of a kinetic term. Variation of the action (11) with respect to this auxiliary degree of freedom, yields the following equation,
which can be solved with respect to φ, to yield the functional dependence of φ(R), as a function of R. In relation (13), the prime denotes as usually does, differentiation with respect to φ. Then the F (R) gravity is obtained from φ(R) by substituting it to the original F (R) action, that is,
So practically having an equation for P (φ) and Q(φ) will yield us the F (R) gravity. This differential equation in terms of P (φ) and Q(φ) can be derived by varying equation (11) with respect to the metric tensor, and applying these for a spatially flat FRW universe with scale factor a(t) and Hubble parameter H(t). Doing that we end up with the following differential equation,
which, by eliminating Q(φ(t)) one gets,
with ρ i , p i denoting the mass-energy density and pressure of the matter fluid present, respectively. It is proved in reference [13] that due to the equivalence of actions (1) and (11), the scalar field may be redefined to be equal to the cosmic time t, that is φ = t (see appendix of [13] , for a proof in the case of power law functions). Assuming conventional matter fluids with constant cosmological equation of state parameter w i and also most importantly that the scale factor is written in the form,
with a 0 constant, the differential equation (16) for P (φ) can be written in the following form,
This form of the scale factor, given in relation (17), renders the technique an approximate method, which in the extreme limits of cosmic time, is an exact method giving results that coincide with the matter bounce solutions. It is a simple task to directly find Q(φ), given P (φ). Indeed, using relation (15), Q(φ) is equal to,
The key point of the method is to find the relation that connects the Ricci scalar R with φ, given the cosmological evolution of the universe in terms of a specific Hubble parameter or equivalently the scale factor. Then, by substituting the relation φ = φ(R), one can easily substitute this in the differential equation (18) in order to find the specific P (φ(R)) and Q(φ(R)) and thereby, the F (R) gravity that generates the specific cosmological evolution. We shall promptly apply this technique to find which pure or matter containing F (R) gravity generates the matter bounce solutions of LQC, given in relation (8) . This is practically our direct link to the matter bounce cosmology, the Hubble parameter. Let us see how this method works. Since we have assumed the particular form of relation (17), it is rather difficult to reproduce the scale factor of the LQC bounce solutions, without taking some limiting case. As we shall see, our results can be given in a closed form owing to the particular form of the Hubble parameter H(t) corresponding to the matter bounce solution. Particularly, the matter bounce Hubble parameter (8) can be written as follows,
with h(t) being equal to,
and in addition h f , q stand for,
This particular form of the Hubble parameter, namely relation (20) , is crucial to our analysis. Note that h(t) is a slowly varying function of time, and this is what makes this particular case so interesting. Recall that a slowly varying function of t is defined to be a function that can take the following form,
with c(t) a measurable non-negative function of t, and c(t) and y(x) are defined in such a way, so that the following requirements are met:
with c 0 a finite number. As a consequence, the function h(t) satisfies ∀ z ∈ R, the following relation,
It can be easily verified that the function (23) satisfies the requirement (25), so it is slowly varying. As a consequence of this, we assume that the function g(t) appearing in the scale factor in relation (17) can take the following form,
with φ 0 some constant to be determined shortly. Notice that we used φ instead of t, but φ = t so we continuously use this interplay of these variables. In addition, owing to the fact that h(φ) is slowly varying, it's derivatives can be neglected, which can be easily verified from the exponential representation of the slowly varying function, namely relation (24) .
Having the exact form of the function g(φ) and of the Hubble parameter H(t), we can promptly solve the differential equation (18) . The Hubble parameter corresponding to the scale factor (17) , with the function g(t) given by (26) , is equal to,
Since h(t) is slowly varying, the derivative h ′ (t) can be ignored, and hence the Hubble parameter of our approximation method reads,
which is identical to the matter bounce Hubble parameter. This coincidence is crucial for our reconstruction technique, since we shall find the F (R) gravities that can reproduce this Hubble parameter. The capability of our approximate method to reproduce the Hubble parameter and also the scale factor of the matter bounce scenario, shall be critically investigated in detail in a later section.
Owing to the slow varying behavior of h(t), by ignoring the higher derivatives h ′ (t), h ′′ (t), and by using the function g(t) as given in (26), the differential equation (18) becomes,
We shall present the solution of the above differential equation later, since we first need to find the functional dependence of φ as a function of R, corresponding to the Hubble parameter (21) . In order to do so, we calculate the Ricci scalar R(φ), using relations (5) and (20) and (21), and neglecting the higher order derivatives for the slowly varying function h(t), we get,
We aim to solve the above equation with respect to φ 2 . Setting u = φ 2 , we get the following third order polynomial of the variable u,
The real solution to this equation with respect to u = φ 2 is of the following form,
where the coefficients α i , β i are given in the appendix A for the readers convenience.
Having the solution (32) at hand, which give the explicit form of the auxiliary field φ as a function of the Ricci scalar, we can proceed by solving the differential equation (29) and express the functions P (φ(R)) and Q(φ(R)) as functions of the Ricci scalar and by substituting the results to equation (14) we will find the reconstructed F (R) gravity that produces the matter bounce cosmological evolution. In order to simplify the investigation, we shall study the solutions in the large R and small R, which correspond to small t and large t limits of the theory respectively. Before going to this, it worths to give here the general solution of the differential equation (29), and also the expression for Q(φ) in order to directly apply the results for the large and small R limits. So the general solution for the differential equation (29) is of the following form [13] ,
with the coefficient S i (φ) being equal to,
Having the general form of the solution (33), we may find the function Q(φ) by substituting (26) and (34) in equation (19) , and Q(φ) reads,
F (R) Gravity in the Large R Limit
Let us first study the large R limit of the theory, which actually describes early times when the curvature of the universe has large values. The solution (32) for φ 2 , in the large R limit, reads,
which is equal to,
where we have set A 1 to be equal to,
and α 5 can be found in appendix A. We can promptly find the function P (φ) as a function of R in the large R limit by substituting (38) in (33) . It would be convenient however to find simplify the expression (33) in the large R limit, or equivalently in the small t (or small φ limit, recall φ = t). The function h(t) has the following two limiting values, with respect to t, lim
What actually interests us in this section is the small t limit, owing to the fact that lim t→∞ h(t) = 0. This fact simplifies the final solution for P (φ) and Q(φ), so for the moment we shall assume the presence of various matter fields. As we shall see, they play no role in the final form of the solution. In the small t limit (large R), the function P (φ) reads,
which after using (34), equation (41) becomes,
so by keeping only the dominating terms in the large R limit, we get,
Accordingly, the function Q(φ(R)) reads,
Finally, in view of relations (43) and (44), the reconstructed F (R) gravity of relation (14) in the presence of matter fluids reads,
By choosing the coefficient of R in the above expression to be equal to one,
and defining α as follows,
the final form of the reconstructed F (R) gravity in the large R limit, is the following,
This F (R) gravity is of particular importance, since it is one candidate for inflation and currently has applications in many theoretical cosmology frameworks [54, 67] . Let us summarize how we ended up to this reconstructed gravity. Having started from the exact form of the Hubble parameter corresponding to matter bounce LQC solutions, using the method of reconstruction developed in [13] , using an approximation that relies on the particular form of the Hubble parameter (20) and therefore disregarding the derivatives of the function h(t), in the high curvature (small t) limit, the reconstructed gravity that reproduces the Hubble parameter (20) is the one that gives the Starobinsky inflation [4, 5, 67] . So within the slow varying function approximation, the reconstruction method yields a particularly interesting F (R) gravity describing exactly the inflationary era, that is, at early cosmological times t.
F (R) Gravity in the Small R Limit
In the small R limit, which is actually equivalent to the large t (or φ since t = φ in our approximation) limit, the slow varying function h(φ) is approximately equal to h f . Recall that the form of H(t) dictates that h f = 2/3 and also q = 3ρ c /4. In the high R limit, we have that,
with the parameter A 2 being equal to,
(50) Therefore the function P (φ) in terms of φ in the high φ limit reads,
or equivalently in terms of the Ricci scalar, by using relation (49) it can be written as follows,
So by keeping only the dominant terms from the above expression (52) , in the R → 0 limit, the function P (φ(R)) reads,
with the parameter δ being equal to,
Note that we made use of the fact that h f = 2/3 and also that the exact values of the exponents are equal to,
In addition, for non-relativistic matter, the exponent of R is equal to,
while for relativistic matter, the corresponding exponent is approximately equal to,
This is why we kept only the term appearing in (53) . In the same vain, the function Q(φ) in the large φ limit is equal to,
so in terms of the Ricci scalar R we get the following expression for Q(φ(R)),
Keeping the dominant term in the limit R → 0, we get the final expression for the function
Thereby, combining relations (53), (60) and substituting to equation (14), we get the final expression for the reconstructed F (R) gravity in the small R limit,
Recalling the value of δ from (54), which is δ = 1, the most dominant term for the F (R) gravity is the second one, so finally, the small R reconstructed F (R) gravity reads,
Having the early time and late time behavior of the reconstructed F (R) gravity at hand, given in relations (62) and (48) we have a particularly interesting behavior of the reconstructed F (R) gravity. Particularly, and with regards to the late time F (R) gravity, the late time acceleration is given by a negative power function of the Ricci scalar, with these F (R) gravities being well known to describe late time acceleration (see for example [4, 5, 13] ). So the overall behavior of the reconstructed modified gravity, taking large and small curvature regimes simultaneously into account, results to the following F (R) function,
with the parameter α given in (47) . Therefore, the reconstructed function that generates the Hubble parameter corresponding to the matter bounce holonomy corrected LQC, can actually describe inflation and late time acceleration in the Jordan frame. It is interesting to go through an Einstein frame analysis of the implications that such an F (R) gravity has on slow-roll inflation parameters, and try to make contact with recent observations corresponding to this cosmological era, so we provide here a brief account on this. Note that in our case, the parameter α is a free parameter, due to the dependence of α on c 1 , so it can be adjusted so that the spectral index can agree to some extend with the experimental data. For details the reader is referred to [?, 4, 5, 67] . But before going to the inflation study it worths discussing an issue with regards to Jordan and Einstein frame metrics.
An Brief Inflation Study and a Quick Overview of Holonomy Corrected R 2 Gravity
In order to discuss inflation in the Einstein frame, in principle, the metric describing inflation in the Einstein frame has to be a de-Sitter, or quasi de-Sitter, or at least a metric that produces acceleration. But in the reconstruction technique we required a flat FRW metric which under the conformal transformation in the Einstein frame, will produce a metric in the Einstein frame which has to be investigated if it is of de-Sitter type. It is rather difficult in general to achieve this. So we start off with the R 2 gravity in the Jordan frame, with the geometry in that frame being described by a general solution to the Einstein frame, corresponding to the R 2 gravity. It's conformally related counter-part is described by a flat FRW metric of de-Sitter or quasi de-Sitter type.
Thinking in this way, by means of a conformal transformation, we express the Jordan frame quantities in terms of the Einstein frame ones. The analysis we shall adopt can be found in [4, 5] and also [67] . Following very well known procedures, we quote here the Einstein frame quantities, corresponding to the F (R) function (48) . The scalar potential V (σ) is equal to,
In addition, the slow-roll coupled differential equations,
for the potential (64) have to be solved explicitly and the solution will reveal if acceleration occurs. In order a quasi-de-Sitter solution is realized, we must require that the fraction k 2 /α 2 , for which we introduce new notation, and set it equal to γ, satisfies the following condition,
with M p the Planck mass. Slow roll inflation can be easily achieved, since α contains the free parameter c 1 , which can be chosen appropriately (recall the value of α from relation (47)). Then, during the inflation era (that is when σ → −∞), the slow roll differential equations (65) become,
yielding the following solution,
It can be explicitly shown that acceleration indeed occurs for this solution, see [67] . Having solution (68) at hand, we can easily compute the slow roll parameters for inflation in a straightforward way. The inflation ends at approximately σ e = −0.17 3/(2k 2 ) and the e-fold number is,
Therefore, the slow roll parameters during inflation are equal to,
which means that for approximately sixty e-folds we have n s ≃ 0.967 and r ≃ 0.003, which are not very far from the actual experimental values. Of course, notice that due to the freedom we have in choosing the parameter α, offers the possibility to further restrain the final values of the slow roll parameters. Before closing, it worths mentioning that there is a way to eliminate singularities and ensure consistency with Planck data, even for complicated analytic forms of F (R) gravity. This method relies in adding holonomy corrections directly to F (R) gravity. For the R 2 case, this was explicitly done in [57] and it worths outlining the basic features of this method. For details see [55, 57, 68] . Introducing the holonomy corrections, the holonomy corrected Einstein frame FRW equation is,H
withρ c denoting the Einstein frame critical density. Equation (71) is an ellipse in the (H,ρ) plane, in which ellipse, the universe's dynamics is depicted. Actually the universe moves clockwise from the contracting phase to the expanding phase, beginning and ending at the critical point (0, 0) and bouncing off only once at (0,ρ). For the Holonomy corrected R 2 gravity given in relation (48), the equation describing the scalar field evolution in the Einstein frame is given by,ψ
The Einstein frame energy densityρ is,
Recalling that the Hubble parameterH is related to the energy-densityρ by the holonomy corrected FRW equation (71), the Hubble parameter vanishes at the point (ψ,ψ) = (1, 0) and also at the curveρ =ρ c . Hence, the universe undergoes contraction and acceleration, with the dynamics being critically determined by the critical point (ψ,ψ) = (1, 0) and the curveρ =ρ c . Note that in our case, the parameter α may vary, and consequently the final dynamics depend crucially on the α parameter, because this determines the curvẽ ρ =ρ c . Notice that in the context of holonomy corrected F (R) gravity, the singularities of the F (R) theory are eliminated [57] .
Bounce Scale Factor in the Small and Large t Limits and Discussion on the Validity of the Reconstruction Method
Having reconstructed the F (R) gravities that reproduce the Hubble parameter of the matter bounce scenario, it worths discussing how the scale factors behave in the small and large cosmic time limits. Recall that in order to apply the reconstruction technique, we made a critical assumption for the scale factor, that is, we assumed that it takes the form given in relation (17) . Of course this exponential form of the scale factor is different from the form of the scale factor characteristic to the matter bounce cosmology, given in relation (8) . Obviously in the large and small cosmic time limits, there has to be some overlap, at least to some extent. This is the core subject of this section, along with some general considerations regarding the validity of the reconstruction technique we used. We start off with the investigation of the validity of the technique we employed. One of the crucial assumptions we made is that the function h(t) (21) is slowly varying and consequently, the differential equation (18) is simplified to a great extent. Due to h(t) being a slowly varying function, we ignored the derivatives of this function. Let us see the behavior of the first derivative h ′ (t) as a function of t, and how this function responses to changes of the q parameter. Recall that q = 3 4 ρ c and the critical density ρ c may vary from model to model. For example in [54] it was taken equal to ρ c ∼ 2 √ 3 γ 3 , with γ the Barbero-Immirzi parameter, while in [61] , it was taken equal to ρ c ∼ 10 −9 ρ pl , with ρ pl = 64π 2 [54] . Hence, in the former case, ρ c ≃ 258.51 while in the latter case ρ c ≃ 631.5 × 10 −9 , so it may vary from a quite small number to a number of the order ∼ 10 2 . Let us see how the derivative h ′ (t) behaves as a function of the parameter q. In Fig.1 we presented the plots of the function h ′ (t) as a function of the cosmic time, for q = 100, q = 0.1 and q = 0.001. In the left figure we can see the behavior of the function for t ∼ O(1) while on the right figure we can see the behavior for larger cosmic time values. As we can see from the plots, there is a range of t values for which the function h ′ (t) takes values which are not negligible, as q grows larger (see the dashed curve corresponding to q = 100). However when q takes smaller values, the function h ′ (t) is negligible.
However, even if the value of q is not small, for small or large cosmic times (and by small and large in this case we mean early cosmic times, when inflation occurs t ∼ 10 −35 , and late times which correspond to the present epoch) the derivative is also negligible. So our approximation is valid for small times t ≪ 1 and large times t ≫ 1. In order to further support this result, let us numerically check the values of h ′ (t) for various values of q and t. In table 1 we have presented the values of h ′ (t) for various t and as we can see, the approximation h ′ (t) ∼ 0 is valid for small times t ≪ 1 and large times t ≫ 1. Table 1 : Values of h ′ (t) as a function of t.
The same arguments apply for the higher derivatives as we can see in Fig. 2 , where we have plotted the behavior of the higher derivatives h ′′ (t), h ′′′ (t), h (4) , as a function of t for q = 0.1. As it can be seen, the fourth derivative disappears from the plot. The same applies for even higher derivatives. Now let us come to the issue of the scale factor Figure 2 : Plots of h ′′ (t), h ′′′ (t), h (4) as a function of t for q = 0.1. The dashed, dotted, solid lines refer to h ′′ (t), h ′′′ (t), h (4) respectively behavior within our approximation and it's comparison to the matter bounce scale factor. It is to be understood of course that the reconstruction method we use is an approximation method, so a complete overlap of the scale factor (17) with the matter bounce one (8) is rather unlikely. This can easily be seen by substituting g(φ) from relation (26) to (17) , so that the scale factor of the approximation method we use is,
which is a completely different functional form in reference to (17) . However, it expected that overlap should be achieved in the small t and large t limits, and this is what we demonstrate here explicitly. We start off with the large t limit first, in which case the matter bounce scale factor is approximately equal to,
with q = 3ρ c /4. In addition, the reconstruction scale factor (74) in the large t limit reads,
with h f = 2/3. Now if we require,
we have exact coincidence of the two scale factors. Now Let us focus on the small t limit, in which case the matter bounce scale factor approximately is,
with q = 3ρ c /4. On the other hand, the scale factor within the context of the reconstruction method in the small t limit reads,
which is at zero order in t identical to (78) if a 0 = 1. Now let us see how the function of the above relation (79) behaves at small t and for various values of q in comparison to the behavior of (78), bearing in mind the constraint (77). In Fig.3 we have plotted the functional dependence of relations (78) and (79) as a function of t, for q = 10 −5 (left) and for q = 1 (right). As can easily be seen, the scale factors for small q, are identical It remains to formally explain why we do not have explicit functional coincidence between the two scale factors. It is to be understood that we are working in an approximate method, but in a later section, we shall formally address this issue from a mathematical point of view.
A Brief Comparison with Other Bounce Solutions
In this small section we shall try to reveal a link between the reconstructed F (R) gravity we presented in this section in the small t limit, namely equation (48), to the bounce solutions presented in reference [65] . Recall that the F (R) gravity solution we found (48) correspond to the small t limit of the matter bounce scenario in LQC scale factor, given in equation (8) . Note that this limit corresponds to the inflationary period of the universe. It's worth describing the bounce solutions given in reference [65] , in order to be informative as possible. As was explicitly shown in [65] , using the reconstruction method [21] , the bounce solution with scale factor a(t) given by the following expression,
can be produced by the following F (R) gravity,
It was assumed that the universe is described by a flat FRW metric of the form (4). The solution (80) actually describes a bounce around t = 0, in which case for t < 0, the Hubble parameter is negative, that is H < 0 (contracting phase), and for t > 0, the Hubble parameter is positive, H > 0 (expanding phase). The bounce solution (80) can be related to the matter bounce solution we presented in this section, given in (78) and in order to see this, we expand the scale factor (80) around t = 0 and we get, keeping the lowest order in t, a(t)
Hence, for α 1 = q 3 , the two scale factors are identical. So the small t limit of the bounce solution (80), maybe be produced by the reconstructed F (R) gravity (48) , which for small t generates a scale factor that behaves as the matter bounce scale factor in the same limit. Thereby, there is an indirect correlation between the F (R) gravity (81) with the one given by relation (48) . However, the gravity (81) cannot describe Starobinsky inflation, as was argued in [65] . In the present case however, the reconstructed function can generate Starobinsky inflation, because of the freedom we have in the choice of the parameter α, which depends on the free parameter c 1 , see relation (47).
Discussion
In this section we shall attempt to explain from a mathematical perspective how the reconstruction method with an auxiliary field works, in order to understand how the validity of the method is ensured and also how the method succeeds in reconstructing the matter bounce cosmological solutions, at least in the small and large cosmic time t limits. The starting point of our analysis shall be action (11) and particularly the Lagrangian density entering this action. For the mathematical concepts to be used in this section, the reader is referred to [72] . The total spacetime is a non-trivial fibre bundle Y → X, with Y ≡ R 4 and X ≡ R. The variation of the action with respect to the metric, with the metric being a flat FRW metric, yields the Euler-Lagrange equations (11) , and by solving these we obtain the scale factor a(t) which determines the metric that maximizes the action. In order to put the above in a mathematical context, we shall make use of the jet bundle of the total fibre bundle. Since the Euler-Lagrange equations for general relativity result from second order Lagrangian densities, these lead to second order Euler-Lagrange equations [72] . The solutions of these equations of motion, are local sections (from now on the sections are considered to be local sections only) of the kernel of second order EulerLagrange operators, corresponding to the specific Euler-Lagrange equations under study. To get into details, these equations of motion in our case constitute a system of second order differential equations which is formally a closed subbundle of the jet bundle J 2 Y → X. We denote the closed subbundle as G for the purposes of this article. Before continuing our discussion, let us briefly recall the essentials of jet bundles, to render the presentation self-contained. A k-order jet manifold of a total fibre bundle Y → X, which is denoted as J 2 Y , provides the equivalence classes of the (local) sections s of Y , which are identified by the Taylor series of these sections around any x ∈ X. Practically, the jet manifold is described by the coordinates (x λ , y i
with 0 ≤ l ≤ k. Thus, there is an surjective (onto) mapping between the sections s i (x) and the sections J k s of the jet bundle J 2 Y → X, such that the following relations holds true, y
with 0 ≤ l ≤ k. Returning to the case at hand, the solution to the system of second order differential equations is a local section s of the fibre bundle Y → X, such that its jet prolongation J 2 s, lives in the closed subbundle G of the jet bundle J 2 Y . These differential equations are associated with differential operators taking their values in a vector bundle E → X, coordinated by (x λ , v A ). In the case at hand, the differential equations are second order Euler-Lagrange equations and the vector bundle in which the second order Euler-Lagrange operators take their values is locally E ≡ T * Y ∧ T * X, with T * Y, T * X the dual tangent spaces of the spaces Y, X (practically the vector bundle E is the space of one-forms on Y, X, differentials so to speak). The second order Euler-Lagrange operator is defined to be a fibred morphism which locally acts as,
Practically speaking, the operator sends each section s(x) of the fibre bundle Y → X,
is the set containing the zero sections of the vector bundle E → X. Then, the Kernel of the Euler-Lagrange operator E is,
If kerE is a closed subbundle of J 2 Y , the second order Euler-Lagrange equations are formally defined to be,
The method we used in this paper works in two possible ways, which we describe in detail now. So in the first case, practically by applying our method it is equivalent to choosing a subbundle of kerE, which we denote A ′ (practically this would be the exponential form of the scale factor), so that,
This holds true since we assume a specific form of solutions (exponential) for the sections of the kernel of the Euler-Lagrange operator. So this actually restricts the differential operator further to a subbundle of the vector bundle E, which means that the new EulerLagrange operator is a restriction of the initial morphism which defines the vector bundle E, to the subbundle E ′ of E, that is,
Practically when we use the reconstruction method, we actually try to find these second order Euler-Lagrange operators E ′ . The terminology restriction is not accidental, since this new morphism of the new vector bundle E ′ , is a restriction of the initial vector bundle E, owing to the slow varying function h(t) approximation, according to which we disregarded the higher derivatives of h(t) in the Euler-Lagrange differential equations. Now the key point is that the reconstruction technique leads to the same Hubble parameter with the matter bounce scenario, a fact that hold true if we disregard h ′ (t), h ′′ (t)..., etc. The reconstruction technique leads to a Hubble parameter H(t) which is given by relation (27) . Therefore, there exist two morphisms, which we denote H 1 and H 2 such that,
where H 1 (s ′ ) and H 2 (s) are the reconstruction method and matter bounce Hubble parameters respectively and s, s ′ are the scale factors for the reconstruction method and matter bounce scenario respectively (local sections of the kernel of the vector bundle E ′ ⊂ J 2 Y ). Notice the form of the morphism H 1 , which implies that in general H 2 (s) ⊂ H 1 (s ′ ) and consequently, by disregarding all the higher derivatives of h(t), the following equivalence relation holds true,
So practically the following holds true,
The fact that there is overlap between the matter bounce scale factor and the reconstruction method scale factor in the large and small t limits, is due to the equality of the corresponding scale factors, or more formally stated because of the morphism equivalence (90). We have to note that in general however, H 1 (s ′ ) ⊂ H 2 (s) because the Hubble parameter corresponding to the reconstruction method gives approximately (h ′ (t) ∼ 0) the matter bounce Hubble parameter. The second case arises because the assumed relation kerE ′ ⊂ kerE, is not always true. In such a case, the generalized version of this is, kerE ′ kerE = ∅. In this case, the operator E ′ is not simply a restriction on the original subbundle kerE. Of course, the existence of an exponential form for the scale factor ensures that kerE ′ is a closed subbundle of the jet bundle J 2 Y . Apart from this, the rest of the argument is pretty much the same, with the equivalence (90) holding true in this case too and playing an important role in supporting the argument. We hope to address these interesting mathematical issues in more details in a future work.
Concluding Remarks
In this paper we applied the reconstruction technique with an auxiliary field, in order to find which F (R) gravity can reproduce the cosmological solutions of the matter bounce scenario. Particularly, owing to the functional form of the Hubble parameter corresponding to the matter bounce scenario, the reconstruction technique we used leads after some simplifications, to the Hubble parameter of the matter bounce scenario. Then by studying the problem at hand in the small and large cosmic time limits, we were able to find which F (R) gravity gives this Hubble parameter in each case. Particularly, in the small t limit, which corresponds to large values of the scalar curvature, the reconstructed F (R) gravity is F (R) ≃ R + αR 2 , a gravity that is known to reproduce Starobinsky inflation. Practically, the positive power of the scalar curvature is known to produce inflation at the early stages of the universe's evolution [13] . Interestingly enough, in the large t limit, which corresponds to small scalar curvatures, the F (R) gravity is of the form F (R) ≃ R − c 3 1 R , which is known to produce late-time acceleration [13] . The reconstruction technique leads to a scale factor a(t) which, at the large and small cosmic time limits, coincides almost exactly with the matter bounce scenario scale factor in the corresponding limits.
So we are confronted with the appealing physical picture of having a Jordan frame F (R) gravity, which in the small t and large t limit imitates the cosmological behavior of the matter bounce scenario cosmological solutions. Interestingly enough, this F (R) gravity at large curvatures produces Starobinsky inflation and also late-time acceleration in the Jordan frame. Also, regarding the inflation, it can be adjusted to produce Einstein frame Starobinsky inflation agreeing with the Planck observational data, owing to the freedom we have in choosing the parameter α. Of course the full F (R) gravity is much more complicated than these limiting gravities we found, so it is needed to construct much more complex theoretical frameworks, so that we can have agreement with observational data. Such a framework, the holonomy corrected F (R) gravity is done in the literature [57] and we briefly mentioned in the text the most important features of this theory.
Since the method we used is an approximation and is based on specific assumptions, we explicitly studied to which extent the approximations we did are valid. We demonstrated that the approximation is valid to a great extent and for a large range of the parameter values. A mathematical explanation of how the reconstruction method works was presented in section 3.
In addition, since the method is an approximate method based on the fact that φ = t, one has to check explicitly the stability of the solutions we found and also check the local implications of these gravities to astrophysical objects and local gravity constraints. We plan to address these issues in a future work.
Before closing, let us note that the matter bounce scenario is an appealing alternative to Big Bang and it is an experimental challenge to verify it's seeds in observations. Apart from the Planck and BICEP experiments, there exist alternative methods coming from direct observations of dark matter [73] , that may reveal the bounce behavior of the universe. It's certainly worth trying to make contact with these indirect methods of observing the universe's evolution in particle physics systems. For indirect methods of observing dark matter, see for example [74] and references therein.
APPENDIX A
In this appendix we provide the full details for the polynomial coefficients α i , β j , with i = 0, ..3 and j = 0, ...5, appearing in relation (32) Recall for convenience that the α i 's are coefficients of the polynomial:
